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Abstract Employing a completely-positive trace preserving map that is able to in-
terpolate between weak and projective measurements, we extend a recently proposed
notion of realism-based nonlocality [V. S. Gomes and R. M. Angelo, Phys. Rev. 97,
012123 (2018)] to the regime of weak measurements. We also look at a symmetrical
scenario where weak measurements are locally conducted in both sites. Moreover,
we indicate apropriate interpretations for the proposed quantities.

Keywords Realism-based nonlocality ·Weak measurements ·Weak realism-based
nonlocality

1 Introduction

By now it is safe to say that the notion of Bell nonlocality, as referring to a viola-
tion of Bell’s hypothesis of local causality, is very well defined formally [1,2] and
convincingly demonstrated experimentally [3,4,5,6], although some debate persists
about the real meaning of such violations [7,8]. It is also fair to say that these devel-
opments have been triggered by a firm notion of local realism, which was shared by
many physicists of the beginning of the XX century and led Einstein, Podolsky, and
Rosen (EPR) to suggest that quantum mechanics could not be the whole story about
nature [9].

A lesser-known concept in the specialized literature is the realism-based nonlo-
cality, which has recently been introduced in Ref. [10] by Gomes and Angelo. This
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concept was constructed using, as a primitive notion, a quantifier of the irreality de-
gree [11]

I(A|ρ) := S(ΦA(ρ))−S(ρ), (1)

of an observable A acting on HA given a preparation ρ on HA ⊗HB . This quantity
gives an entropic distance between the state ρ under scrutiny and a state

ΦA(ρ) := ∑
a

Aa ρ Aa = ∑
a

paAa⊗ρB|a, (2)

where pa = Tr(Aa ⊗ 1ρ) and ρB|a = TrA (Aa ⊗ 1ρ)/pa. The state ΦA(ρ) can be
viewed as resulting from a projective measurement of the observable A = ∑a aAa
(where AaAa′ = δaa′Aa) in a scenario where the outcome is omitted. Since A has
been measured and thus became well definite, ΦA(ρ) is a state of reality for A. No-
tice, in particular, that the reduced state ρA = TrBΦA(ρ) = ∑a paAa has no quan-
tum coherence in the eigenbasis of A, that is, it is just a mixture of states Aa with
elements of reality a for A. In addition, ΦAΦA(ρ) = ΦA(ρ), showing that further un-
revealed measurements do not change a pre-established reality. Finally, since ΦA(ρ)
is a completely-positive trace preserving map, it follows from the monotonicity of
the von Neumann entropy that I(A|ρ)> 0, with the equality holding for ρ = ΦA(ρ).
Gomes and Angelo then focused on the difference

ηAB(ρ) := I(A|ρ)−I(A|ΦB(ρ)), (3)

which measures alterations in the irreality of A induced by projective measurements
of B conducted in a remote site B. This quantity has been introduced in Ref. [11]
as a quantifier of the realism-based nonlocality of a context defined by {A,B,ρ}.
Using Eq. (1), we can write ηAB(ρ) = S(ΦA(ρ))+S(ΦB(ρ))−S(ΦAΦB(ρ))−S(ρ),
which reveals the presence of the exchange symmetry A� B. Gomes and Angelo
then defined the realism-based nonlocality (RBN) N(ρ) of a preparation ρ as the
maximum difference ηAB(ρ) over all possible observables {A,B}measured in distant
sites, that is,

N(ρ) := max
A,B

ηAB(ρ). (4)

As discussed in Refs. [10,11], ηAB(ρ) is a nonnegative quantity that vanishes only for
fully uncorrelated states (ρ = ρA ⊗ρB) or for states ρ = ΦA(B)(ρ) with reality for
A (B). In addition, N vanishes for ρ = ρA ⊗ρB and reduces to the entanglement en-
tropy for pure states, thus being free of the anomaly that affect some Bell-nonlocality
measures [12,13,14,15].

The question then naturally arises as to whether some RBN would persist as the
projective measurements are replaced with weak measurements [16,17,18]. Investi-
gating this question is the goal of this work. By use of a recently defined procedure
called monitoring [19], we introduce, as an extension of the formula (4), a quantifier
of realism-based nonlocality in the regime of weak measurements. In addition, we
generalize this formula for a symmetrical scenario where local weak measurements
of arbitrary intensities take place in distant sites. We demonstrate some mathematical
properties of these quantifiers and provide case studies. Moreover, we indicate how
to properly interpret the introduced measures.
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2 Preliminaries

We start by indicating the model of weak measurements we shall employ through-
out this work. In Ref. [19] it is introduced a procedure called monitoring, which is
mathematically describe by the completely-positive trace preserving map

Mε
O(ρ) := (1− ε)ρ + εΦO(ρ), (5)

for a real parameter ε ∈ (0,1), ρ on HA ⊗HB , and a generic observable O acting
on either HA or HB . This map continuously interpolates between a regime of no
measurement at all (Mε→0

O = 1) to the one of unrevealed projective measurements
(Mε→1

O = ΦO). Between these extrema, that is, for 0 < ε < 1, the map then corre-
sponds to an unrevealed weak measurement. By direct application of the definitions
(2) and (5) one shows that

Mε
OΦO = ΦOMε

O = ΦO. (6)

Another interesting property is the rule of successive applications, which states that

[Mε
O]

n(ρ) = (1− ε)n
ρ +

[
1− (1− ε)n]

ΦO(ρ). (7)

From this it follows that [Mε
O]

n→∞ = ΦO, which shows that a sequence of infinitely
many monitorings is equivalent to a projective unread measurement. Most impor-
tantly, from the monotonicity and the strong subadditivity of the von Neumann en-
tropy, it has been shown [19] that S(ΦO(ρ)) > S([Mε

O]
n(ρ)) (for any finite n), with

the equality holding for ρ = ΦO(ρ), and I(A|ρ)> I(A|Mε
O(ρ)), for A on HA . This

relation is a statement of the monotonicity of the irreality under local monitoring. It
means that upon a weak measurement of arbitrary intensity, in whatever location, the
reality of an observable never decreases.

It is now opportune to state a useful result involving the generic quantifier

η
εε ′
AB (ρ) := S(Mε

A(ρ))+S(Mε ′
B (ρ))−S(Mε

AMε ′
B (ρ))−S(ρ), (8)

where Mε(ε ′)
A(B) is a local monitoring of the observable A(B) on HA (B) with intensity

ε(ε ′) and {ε,ε ′} ∈ (0,1). Notice that η11
AB(ρ) = ηAB(ρ) and η0ε ′

AB (ρ) = ηε0
AB(ρ) = 0,

where it should be understood that these terms have been calculated in the limit as
ε(ε ′) goes to 0 or 1.

Theorem 1 For any density operator ρ on HA ⊗HB , observables A on HA and B
on HB , and real parameters {ε,ε ′} ∈ (0,1), it holds that ηεε ′

AB (ρ)> 0. The equality
holds for ρ = ρA ⊗ρB or ρ = ΦA(B)(ρ).

Proof.—Consider the state σ = Uσ0U† on HA ⊗HB⊗HX ⊗HY , with the uni-
tary transformation U = Uε

A X ⊗Uε ′
BY and the initial state σ0 = ρ ⊗|x〉〈x|⊗ |y〉〈y|.

The strong subadditivity S(σabc)+S(σc)6 S(σac)+S(σbc) [20] of the von Neumann
entropy and the identifications a = X , b = Y , and c = A B, allow us to write

S(σ)+S(σA B)6 S(σA BX )+S(σA BY ). (9)
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By virtue of the unitary invariance and the additivity of the von Neumann entropy it
follows that S(σ) = S(ρ). Using the rule Mε

A(ρ) = TrX [Uε

A X ρ ⊗ |x〉〈x|Uε†
A X ] and

its counterpart for Mε ′
B (ρ), which are nothing but expressions of the Stinespring the-

orem [19,20], we obtain the reduced states σA BX = Uε

A X Mε ′
B (ρ)⊗ |x〉〈x|Uε†

A X ,
σA BY = Uε ′

BY Mε
A(ρ)⊗ |y〉〈y|U

ε ′†
BY , and σA B = Mε

AMε ′
B (ρ). Using unitary invari-

ance and additivity once more we find

S(ρ)+S(Mε
AMε ′

B (ρ))6 S(Mε ′
B (ρ))+S(Mε

A(ρ)), (10)

which proves the first part of the theorem. From the additivity of the von Neumann
entropy, the property (6), and the definition (8) it follows that ηεε ′

AB (ρA ⊗ ρB) =

ηεε ′
AB (ΦA(B)(ρ)) = 0, which completes the proof1. �

Before proceeding, it is worth noticing that, from the definition (8) and the prop-
erty (6), we can directly demonstrate the following interesting identities:

η
εε ′
AB (ρ) = η

ε1
AB(ρ)−η

ε1
AB(M

ε ′
B (ρ)) = η

1ε ′
AB (ρ)−η

1ε ′
AB (M

ε
A(ρ)), (11)

which will prove useful for the purposes of this work.

3 Weak realism-based nonlocality

3.1 One-way weak realism-based nonlocality

We now introduce the quantifier which we refer to as one-way weak realism-based
nonlocality. It emerges from the rephrasement of the RBN in terms of weak measure-
ments in only one of the parties of the system. This is done by replacing the projective
map ΦB that enters Eq. (3) with the monitoring Mε

B.

Definition 1 The one-way weak realism-based nonlocality2 (1WRBN) of a density
operator ρ on HA ⊗HB is given, for a real parameter ε ∈ (0,1), by

Nε

B(ρ) := max
A,B

[
I(A|ρ)−I(A|Mε

B(ρ))
]
= max

A,B
η

1ε
AB(ρ). (12)

Important properties of this measure follow from Theorem 1. First, one has that the
1WRBN is non-negative, that is, Nε

B(ρ)> 0 for any ε ∈ (0,1) and ρ on HA ⊗HB .
Second, combining the identity (11) with Theorem 1 we readily arrive at the rela-
tions 0 6 η1ε

AB(ρ) = η11
AB(ρ)−η11

AB(M
ε
B(ρ)) 6 ηAB(ρ), from which we conclude that

Nε

B(ρ)6N(ρ). This relation determines the precise sense in which the realism-based
nonlocality Nε

B can be termed weak. In addition, it can be directly shown that the
equality holds for fully uncorrelated states (ρ = ρA ⊗ρB), in which case Nε

B and N
vanish simultaneously. These aspects can be summarized as follows:

1 The equality also holds for ε → 0 or ε ′→ 0, but these limits are not included in the statement of the
theorem.

2 It is clear from the definition (8) that the symmetry A� B will manifests itself in Nε

B only if ε → 1,
in which case Nε→1

B = N. The subindex B attached to the 1WRBN and the associated term “one-way” are
necessary, as Nε

B(ρ) may be different from Nε

A (ρ) in general.
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Result 1 With regards to the RBN (4) and the 1WRBN (12) it holds that

06 Nε

B(ρ)6 N(ρ), (13)

for ε ∈ (0,1) and ρ on HA ⊗HB . Equalities simultaneously apply for ρ = ρA ⊗ρB .

The fact that Nε→0
B (ρ) = 0 even for states such that N(ρ)> 0 rises the question as

to whether the 1WRBN can be understood, after all, as a faithful quantifier of RBN.
From its mathematical formulation (12), it is clear that the 1WRBN quantifies the
maximum alteration of an element of irreality in site A induced by a weak measure-
ment performed in the remote site B. It can also be viewed as a measure of the maxi-
mum amount of irreality that is destroyed in site A through a weak measurement con-
ducted in site B. Such interpretations easily account for the fact that Nε→0

B (ρ) = 0,
since no disturbance implies no irreality alteration. Yet, there is an alternative (though
similar) interpretation for Nε

B , which we are going to adopt here. From the identities
(11), one has η1ε

AB(ρ) = η11
AB(ρ)−η11

AB(M
ε
B(ρ)). Taking η11

AB(ρ) and η11
AB(M

ε
B(ρ)) as

quantifiers of the amount of RBN in the contexts {A,B,ρ} and {A,B,Mε
B(ρ)}, respec-

tively, then η1ε
AB(ρ) can be interpreted as the amount of RBN that is suppressed from

the context when ρ is replaced with its weakly measured form Mε
B(ρ). To extend

this interpretation to Nε

B , let Aε and Bε be the optimal ε-dependent operators, that
is, the ones that implement the maximization required in the 1WRBN. In this case,
one has Nε

B(ρ) = η1ε
Aε Bε

(ρ) = η11
Aε Bε

(ρ)−η11
Aε Bε

(Mε
Bε
(ρ)), which gives the amount of

RBN suppressed in the context transition {Aε ,Bε ,ρ} → {Aε ,Bε ,Mε
Bε
(ρ)}. It is then

clear that Nε→0
B (ρ) = 0 indicates that no RBN is destroyed when no disturbance takes

place, whereas Nε→1
B (ρ) = η11

A1B1
(ρ)−η11

A1B1
(ΦB1(ρ)) = N(ρ) reveals that all RBN

will be removed in the transition {A1,B1,ρ} → {A1,B1,ΦB1(ρ)}. Accordingly, we
see, via the property (6), that for a state of reality ΦB1(ρ) no further RBN remains
to be destroyed, that is, Nε→1

B (ΦB1(ρ)) = 0. All this supports the view according to
which Nε

B(ρ) is to be taken as the maximum amount of RBN suppressed from the
state ρ by local weak measurements.

3.2 Pure states

As far as pure states are concerned, the following result can be stated.

Result 2 Let ς = |ψ〉〈ψ| on HA ⊗HB be a pure density operator and ε ∈ (0,1) a
real parameter. The one-way weak realism-based nonlocality (12) is lower bounded
as

ε E(ς)6 Nε

B(ς)6 E(ς), (14)
where E(ς) = S(TrA (B)ς) is the entanglement entropy of |ψ〉.

The proof comes as follows. Since N(ς) = E(ς) for any ς = |ψ〉〈ψ| (see Ref. [10]),
the second inequality above directly follows from the result (13). To prove the first
inequality, we use Definition 1, the definition of irreality (1), the fact that S(ς) = 0,
and the monotonicity relation S(ΦAΦB(ς))> S(ΦAMε

B(ς)). All this allows us to write

Nε

B(ς)>max
A,B

{
S(Mε

B(ς))−
[
S(ΦAΦB(ς))−S(ΦA(ς))

]}
. (15)
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The equality holds for ΦB(ς) = Mε
B(ς). Since the term in brackets is nonnegative, the

maximization will occur for Schmidt operators AS = ∑i ai|i〉〈i| and BS = ∑i bi|i〉〈i|
(the ones that define the Schmidt decomposition |ψ〉 = ∑i

√
λi|i〉|i〉), for in this case

it follows that S(ΦAS ΦBS(ς))−S(ΦAS(ς)) = 0. Then, using the definition (5) and the
concavity of the von Neumann entropy we find

Nε

B(ς)> S(Mε
BS
(ς))> ε S(ΦBS(ς)).

The observation that S(ΦBS(ς)) = S(TrA (B)ς) = E(ς) completes the proof. We see
from this result that, as far as pure states are concerned, entanglement turns out to be
a necessary condition for the existence of 1WRBN.

3.3 Example

Let us consider the two-parameter state of two qubits

ρ
αβ = (1−β )1⊗14 +β |ψα〉〈ψα |, (16)

where |ψα〉=
√

α|01〉−
√

1−α|10〉 and {α,β} ∈ [0,1].
We firstly focus on the state ρ

1
2 β , which corresponds to a Werner state with |ψ 1

2
〉

being the singlet state. To compute the 1WRBN through the formulas (12) and (8)
we consider the generic observable A = ∑a=± aAa with projectors A± = |±〉〈±| such
that |+〉= cos( θa

2 )|0〉+eiφa sin( θa
2 )|1〉 and |−〉=−sin( θa

2 )|0〉+eiφa cos( θa
2 )|1〉, and

a similar parametrization for B in terms of {φb,θb} and {|0〉, |1〉} ∈HB . Analytical
calculations show that the maximum of η1ε

AB in (12) is attained for θa,b = 0, which
implies that A = σz and B = σz. We then find

Nε

B(ρ
1
2 β ) = 1

4

1

∑
i=0

1

∑
j=0

(−1) j
λi j lnλi j, λi j = 1+β

[
4i−1+2 jε(1−2i)

]
. (17)

This function is plotted in Fig. 1(a) where we can see that it indeed has the expected
behaviour: it is less than the RBN, that is, Nε

B(ρ
1
2 β )< Nε→1

B (ρ
1
2 β ) = N(ρ

1
2 β ) for all

ε ∈ (0,1), as implied by Result 1, and disappears for a vanishing monitoring, that is
Nε→0

B (ρ
1
2 β ) = 0. For the state under scrutiny, we verified that Nε

B = Nε

A .
We now consider the pure state ρα1. Instead of pursuing the analytical maximiza-

tion demanded by the 1WRBN (12), which is much harder to perform in this case,
we proceed by similarity. It has been shown in Ref. [11] that

min
A,B

η
11
AB(ς) = η

11
ASB̃S

(ς) = 0 (18)

for any pure state ς = |ψ〉〈ψ|, the Schmidt operator AS, and the maximally incom-
patible operator B̃S (that is, the one for which the commutator [B̃S,BS] is maximum).
On the other hand, from Ref. [10] one has that

max
A,B

η
11
AB(ς) = η

11
ASBS

(ς) = E(ς), (19)
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which occurs for Schmidt operators A = AS and B = BS. By taking A = σz and B = σx
we have been able to analytically check that η1ε

σzσx(ρ
α1) = 0 for ε ∈ (0,1), just as in

Eq. (18). Following Ref. [10], we then take A = σz and B = σz, in order to attain
higher values for the 1WRBM, and then conjecture, with basis in comparisons made
with many other choices for A and B, that Nε

B(ρα1) = η1ε
σzσz(ρ

α1). This yields

Nε

B(ρα1) =− ln
√

Λε −
√

1−4Λε arctanh
√

1−4Λε , (20)

where Λε = εα(2− ε)(1−α). Although a rigorous proof is lacking, we believe that
this is the searched solution for the maximization problem. In particular, it correctly
gives Nε→0

B (ρα1) = 0 and Nε→1
B (ρα1) = E(ρα1) =−α lnα− (1−α) ln(1−α). It is

also worth noticing that Nε

B(ρα1) = Nε

A (ρα1). The behaviour of the function (20) is
illustrated in Fig. 1(b) for two values of the measurement intensity ε .

Fig. 1 (a) Illustration of Result 1. Weak realism-based nonlocality Nε

B(ρ
1
2 β ), as given by Eq. (17), for

the state ρ
1
2 β as a function of β and the measurement intensity ε . Clearly, Nε

B(ρ
1
2 β ) < Nε→1

B (ρ
1
2 β ) =

N(ρ
1
2 β ) for all ε ∈ (0,1) and Nε→0

B (ρ
1
2 β ) = 0. (b) Illustration of Result 2. Weak realism-based nonlocality

Nε

B(ρα1) (black thick line) for the pure state ρα1 = |ψα 〉〈ψα |, where |ψα 〉 =
√

α|01〉−
√

1−α|10〉, for
ε = 0.7 (upper panel) and ε = 0.1 (lower panel). In each panel the upper (lower) dashed red line denotes
the upper (lower) bound E(ρα1) [εE(ρα1)] indicated in the Result 2.

4 Symmetrical form

In this section we look for a symmetrical version of the weak realism-based nonlo-
cality, that is, a quantifier that is associated with weak measurements in both sites.
Conceptually, it can be built as follows. In Ref. [19], Dieguez and Angelo introduced
the quantifier

∆Rε
A(ρ) := S(Mε

A(ρ))−S(ρ) (21)

for the weak increase in the reality of a monitored observable A given the preparation
ρ . Clearly, there is no reality increase for ε = 0 and maximum increase of I(A|ρ) for
ε = 1. The pursued measure is then proposed to quantify by how much the reality
increase changes when a weak measurement of B is remotely performed.
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Definition 2 The symmetrical weak realism-based nonlocality (SyWRBN) of a den-
sity operator ρ on HA ⊗HB is given, for real parameters {ε,ε ′} ∈ (0,1), by

Nεε ′(ρ) := max
A,B

[
∆Rε

A(ρ)−∆Rε
A(M

ε ′
B (ρ))

]
= max

A,B
η

εε ′
AB (ρ). (22)

This measure recovers the symmetry A� B for ε = ε ′ and reduces to the RBN N(ρ)
as ε = ε ′→ 1. In addition, it is straightforward to check that N1ε = Nε

B , Nε1 = Nε

A ,
and Nε0 = N0ε = 0, which shows that the present measure provides a unification of
measures of RBN. The identities (11), the Theorem 1, and the Result 1 immediately
imply the following result.

Result 3 With regards to the SyWRBN (22), the 1WRBN (12), and the RBN (4) it
holds that

06 Nεε ′(ρ)6 Nε(ε ′)
A (B)

(ρ)6 N(ρ), (23)

for any {ε,ε ′} ∈ (0,1) and ρ on HA ⊗HB . Equalities apply for ρ = ρA ⊗ρB .

As for Nε

B , we can invoke the identities (11) to interpret Nεε ′(ρ) as the amount of
RBN that is suppressed from the state ρ upon weak measurements of intensities ε

and ε ′ conducted in the remote sites A and B, respectively.

4.1 Example

We consider once again the state ρ
1
2 β , given by the formula (16), and assume that the

SyWRBN is given by

Nεε(ρ
1
2 β ) = η

εε
σrσs(ρ

1
2 β ), with r = s ∈ {x,y,z} (24)

and Pauli matrices σr(s). This conjecture is based on several analytical incursions
through which we have verified, for example, that smaller values occur for r 6= s.
Also, the analytical result obtained from the conjecture above correctly leads to the
limit Nεε(ρ

1
2 β )→ N(ρ

1
2 β ) as ε → 1 and to Nεε(ρ

1
2 β )→ 0 as ε → 0. These results

can be appreciated in Fig. 2, where Nεε(ρ
1
2 β ) is plotted as a function of β and the

measurement intensity ε [Fig. 2(a)] and parametric plots are furnished comparing the
quantifiers Nεε , Nε

B , and N for the state ρ
1
2 β [Fig. 2(b)].

Besides illustrating the content of the Result 3, Fig. 2 reveals an interesting char-
acteristic of the measures studied in this work, namely, the fact that these measures
are monotonic functions of each other (in the present case study, they are all mono-
tonic functions of the parameter β ). One might argue that this is an indication that
the weak quantifiers are mere functional variations that actually capture the same in-
formation. However, this position cannot be maintained in the limit as ε → 0, where
Nεε = Nε

B = 0 while N > 0. In this case the conceptual difference remarkably ap-
pears. We then defend, supported by the identities (11), that while N(ρ) gives the
total RBN encoded in ρ (see Ref. [10]), Nεε ′(ρ) is to be interpreted as the amount of
RBN that is suppressed via local weak measurements.
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Fig. 2 (a) Symmetrical weak realism-based nonlocality Nεε (ρ
1
2 β ) as a function of ε and β for the state

ρ
1
2 β [see Eq. (16)]. Careful inspection of Fig. 1(a) confirms that Nεε (ρ

1
2 β )6 Nε

B(ρ
1
2 β ), which has been

numerically checked. (b) Parametric plots of N(ρ
1
2 β ) (top black line), Nε

B(ρ
1
2 β ) (middle blue line), and

Nεε (ρ
1
2 β ) (bottom red line) against N(ρ

1
2 β ) as a function of the parameter β , for ε = 0.1 (lower panel) and

ε = 0.7 (upper panel). Besides illustrating the Result 3 [see Eq. (23)], these calculations reveal monotonic
relations among the RBN measures.

5 Summary

In this work, we generalized the quantifier of realism-based nonlocality (RBN) intro-
duced in Ref. [10] to the context of weak measurements. To this end, we employed the
map called monitoring [19], which enabled us to formulated a measure of RBN that
can suitably interpolate the scenarios of weak and projective measurements. The re-
sulting measures, which we call one-way weak realism-based nonlocality (1WRBN)
and symmetrical weak realism-based nonlocality (SyWRBN), have shown to cor-
rectly satisfy all the mathematical properties expected for them and, thus, to provide
a suitable unification of RBN measures. Most importantly, we have pointed out a clear
interpretation for the introduced weak quantifiers: they are to be viewed as measures
of the amount of RBN that is removed from the state upon local weak measurements.
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